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Abstract
In this paper we develop an algebraic technique for building relativistic models in the framework of
the direct-interaction theories. The interacting mass operator M in the Bakamjian-Thomas construction
is related to a quadratic Casimir operator C of non-compact group G. As a consequence the S matrix
can be gained from an intertwining relation between Weyl-equivalent representation of G. The method
is illustrated by explicit application to a model with SO(3, 1) dynamical symmetry.
1 Introduction
The role of dynamical symmetries in quantum theory has been emphasized by many authors and its impli-
cations for physically relevant quantities have been widely recognized. In this connection the importance
and relevance of dynamical symmetries has been discussed in several directions [1, 2, 3].
Since the work of Zwanziger [4] it has become clear that group-theoretical methods can be successfully
applied to the solution of scattering problems. In that paper Zwanziger has shown how the symmetry
group SO(3, 1) allows for an algebraic determination of the Coulomb S-matrix elements. A fundamental
step towards a deep understanding of scattering problems in a group-theoretical framework was made by
the Yale group and others [5] with their method of Euclidean connection. The key point in this major
development lies in the observation that the dynamical group G that describes the scattering system in
presence of interactions can be obtained by deformation [6] of the group G0 (called asymptotic group)
describing the system in absence of interactions. It appears that knowledge of the interrelation between the
representations of G with those of G0 allows purely algebraic calculations of S-matrix elements for systems
whose Hamiltonian H ( in the centre of mass system) belongs to the centre of the enveloping algebra of G,
i.e.,
H = f (C) (1)
where C is the Casimir operator of G. Later on [7], it has been argued that the S matrix for systems under
consideration is associated with intertwining operators between Weyl equivalent representations of G (see
below). At this stage we note that the operator A is said to intertwine the representation T χ and T χ˜ of the
group G if the relation
AT χ (g) = T χ˜ (g)A , for all g ∈ G (2)
or equivalently,
AdT χ (a) = dT χ˜ (a)A, for all a ∈ g (3)
holds where dT χ and dT χ˜ are the corresponding representations of the algebra g of G [8, 9].
The hypothesis that scattering systems can be completely described by some dynamical group has been
verified for almost all interesting non-relativistic problems. Moreover, the algebraic approach is useful not
only for systems with exact symmetry, but also for systems with broken symmetry. In this case the arguments
in an expression of the S matrix with an exact symmetry are substituted by generic functions of scattering
variables, called algebraic potentials [10, 11].
Contrary to the non-relativistic case, the group-theoretical approach to relativistic scattering has not
been exploited yet, with the main exception of scattering of a Dirac particle in a Coulomb potential [13], or
1
Coulomb plus scalar potentials [14]. In their study the authors use relativistic wave equations. The algebraic
approach, however, is more general, since it relies on a symmetry and does not make any explicit reference
to an equation of motion.
Interestingly, there exists an alternative approach to the relativistic particle dynamics based on the work
of Bakamjian and Thomas [15] which has the advantage of being somewhat group-theoretical. The point is
that one can consider the problem of construction of relativistic theories as that of construction of unitary
representations of the inhomogeneous Lorentz group, ISO(3, 1), also known as Poincare´ group P [16].
The Lie algebra of the Poincare´ group has ten basis elements, which can be chosen as H , P, J and
K, which are the generators of time translations, space translations, space rotations, and pure Lorentz
transformations, respectively. They satisfy the commutation relations
[Pi, Pj ] = 0, [Pi, H ] = 0, [Ji, H ] = 0 (4)
[Ji, Jj ] = iǫijkJk, [Ki,Kj] = −iǫijkJk, [Ji,Kj] = iǫijkKk (5)
[Ji, Pj ] = iǫijkPk, [Pi,Kj] = −iδijH. (6)
( Throughout this paper units are used in which ~ = c = 1.) Here δij is the Kronecker symbol, ǫijk the
Levi-Civita symbol and the summation convention on repeated indices is assumed. The operators H,P and
J have the physical significance of energy, momentum, and angular momentum. According to Ref.[16] an
elementary particle should be described by positive energy unitary irreducible representation (m, s,+) of the
Poincare´ group P , where m is the mass and s denotes the spin and + means positive energy. Therefore,
the description of N noninteracting particles is given by the tensor product of representations (mi, si,+),
i = 1, 2, . . ..
The problem of adding interactions to the noninteracting representation of the Poincare´ group P consis-
tent with the commutation relations (4) has been discussed by Dirac [17]. Although Dirac did not propose a
practical method of constructing an interacting representation of the Poincare´ group P , he emphasized that
there are three possible schemes for incorporating interactions into the noninteracting representation. These
schemes are now called ”instant form”, ”front form” and ”point form”. Later on, Bakamjian and Thomas
[15] have proposed a method for adding interactions to a noninteracting representation of the Poincare´ group.
In their approach a set of 10 auxiliary operators is introduced that satisfies simple commutation relations.
For example, in the instant form the 10 auxiliary operators are {P,S,X,M} with commutation relations
[Pi, Xj ] = −iδij, [Si, Sj ] = iǫijkSk (7)
all other commutators vanishing, where S is the intrinsic spin, X =i∇P , and M is the invariant mass
operator. The Poincare´ generators are then expressed in terms of {P,S,X,M} according to
H =
√
M2 +P2, J = X×P+ S, K =1
2
(XH+HX) +
P× S
H +M
(8)
In the Bakamjian-Thomas approach interactions are added to the mass operator M , while leaving the other
nine operators equal to those of the noninteracting system (for review see Ref. [18]). As a result, the problem
is reduced to an eigenvalue equation for the mass operator M .
The question naturally arises: can a group structure be introduced into the space on which the mass
operator M is defined, and if so, does it also have useful consequences? Here the mass operator M is
assumed to be a function of the Casimir operator of a non-compact group. This allows pure group-theoretical
description of the S matrix. We apply this construction to a scattering system with SO(3, 1) dynamical
symmetry.
2 Two-body systems
We consider a system of two interacting spinless particles of mass m1 and m2. In building up a relevant
representation of the Poincare´ group P , it is convenient to start with the free system
H0 =
2∑
a=1
ha, Pˆ0 =
2∑
a=1
pˆa, J0 =
2∑
a=1
(xˆa × pˆa) (9)
K0 =
2∑
a=1
1
2
(xˆaha + haxˆa) , (10)
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where
ha =
√
m2a + pˆ
2
a. (11)
The operator xˆa is canonically conjugate to pˆa[
pˆia, xˆ
j
a
]
= −iδij (12)
The non-interacting mass operator Mˆ0 is defined by
Mˆ20 = H
2
0 − Pˆ20 (13)
It commutes with all generators of the Poincare´ group P .
The basis states of the carrier space of this representation can be taken as the tensor products of the
single-particle states. They are defined by
pˆa |p1p2〉 ≡ pa |p1p2〉 , a = 1, 2 (14)
and normalized so that
〈p1p2| p′1p′2〉 = δ3 (p1 − p′1) δ3 (p2 − p′2) (15)
and ∫
dp1dp2 |p1p2〉 〈p1p2| = 1 (16)
It will be convenient to make a change of variables from p1and p2 to P and k, with P the total momentum
and k the relative momentum. These variables are related to p1 and p2 by the equations [19]
P = p1 + p2, k =(ε2p1 − ε1p2) / (ε1 + ε2) (17)
with
εa =
1
2
[Ea + wa] (18)
where Ea and wa are given by
Ea = Ea (pa) =
√
m2a + p
2
a, wa = wa (k) =
√
m2a + k
2 (19)
Note that the relative momentum k is equal to the three-momentum of particle 1 in the center of mass
system ( P = 0 ). Hence, wa is the c.m. energy of a particle of mass ma. The total c.m. energy can be
expressed in the Poincare´-invariant form
w1 (k) + w2 (k) =
√
s (20)
where
s = (p1 + p2)
2 = (E1 + E2)
2 − (p1 + p2)2 . (21)
The state vectors |Pk〉 and |p1p2〉 are related to each other via [19]
|Pk〉 = [J (p1,p2)]
1
2 |p1p2〉 (22)
where the Jacobian J (p1,p2) is given by
J (p1,p2) =
∣∣∣∣∂ (p1p2)∂ (P,k)
∣∣∣∣ = E1E2E1 + E2
w1 + w2
w1w2
(23)
In the basis {|Pk〉}, the non-interacting Hamiltonian H0 and the non-interacting mass operator Mˆ0 are
multiplication operators
H0 |Pk〉 =
(
w2 +P2
)1/2 |Pk〉 , Mˆ0 |Pk〉 = w |Pk〉 , (24)
where
w = w (k) =
√
m21 + k
2 +
√
m22 + k
2. (25)
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Other generators are
J0 = Xˆ× Pˆ+ lˆ, K0 =
1
2
(
XˆH0+XˆH0
)
− lˆ× Pˆ
M0 +H0
(26)
where
lˆ = ρˆ× kˆ (27)
is the internal angular momentum operator. The operators ρˆ and Xˆ are canonically conjugate to kˆ and Pˆ
and therefore [
kˆi, ρˆj
]
= −iδij, (28)
and [
Pˆi, Xˆj
]
= −iδij . (29)
To introduce the interaction one lets M0 → M , where the interacting mass operator Mˆ is assumed to
be the sum of the non-interacting mass operator Mˆ0 plus the mass-operator interaction Vˆ
Mˆ = Mˆ0 + Vˆ . (30)
The set of operators H , P, J and K will satisfy the commutation relations of the Poincare´ group P provided
that the following conditions for Vˆ are satisfied[
Vˆ ,P
]
= 0,
[
Vˆ ,J
]
= 0 (31)
(These constraints lead to conservation of linear and angular momenta for the interacting system.) In [15]
the operator Vˆ is taken to be a ( rotationally ) scalar operator function of kˆ and ρˆ only
Vˆ = V
(
kˆ, ρˆ
)
(32)
The scattering theory within the framework of the Bakamjian-Thomas construction has been considered
by the several authors [18, 19, 20, 21, 22, 23]. The “in” and “out” scattering states Ψ± are solutions of the
relativistic Schro¨dinger equation
HΨ±p1p2 = [E1 (p1) + E2 (p2)] Ψ
±
p1p2
. (33)
Although not needed here, we note that the states Ψ+p1p2 and Ψ
−
p1p2
are the solutions of the Lippmann-
Schwinger equation
Ψ±p1p2 = |p1p2〉+
1
E1 (p1) + E2 (p2)−H0 ± i0+H
′Ψ±p1p2 (34)
= |p1p2〉+ 1
E1 (p1) + E2 (p2)−H ± i0+H
′ |p1p2〉 .
where H ′ is the interaction Hamiltonian
H ′ = H −H0 (35)
while |p1p2〉 is a solution of
H0 |p1p2〉 = [E1 (p1) + E2 (p2)] |p1p2〉 . (36)
The scattering operator S is defined by [24, 25]
Ψ+p1p2 = SˆΨ
−
p1p2
(37)
and the S-matrix elements are accordingly determined by
S (p′1,p
′
2;p1,p2) =
〈
Ψ+
p′
1
p′
2
∣∣∣ SˆΨ+p1p2〉 = 〈Ψ−p′
1
p′
2
∣∣∣ Ψ+p1p2〉 (38)
It has been proved (e.g. section 6 of [19] ) that the Bakamjian-Thomas construction guarantees the Poincare´
invariance of the operator S.
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In [19] has been shown that
S (p′1,p
′
2;p1,p2) = [J (p
′
1,p
′
2)J (p1,p2)]
− 1
2 δ3 (P′ −P) 〈Φ−k′∣∣ Φ+k 〉 (39)
where Φ±
k
denote the “in” and “out” eigenstate of the mass operator Mˆ , with asymptotic relative momentum
k
MˆΦ±k = wΦ
±
k . (40)
where the c.m. energy w is given by
w = w (k) =
√
m21 + k
2 +
√
m22 + k
2 (41)
More precisely, the states Φ±k are the solutions of the Lippmann-Schwinger equation
Φ±k = |k〉+
1
w (k)− Mˆ0 ± i0+
Vˆ Φ±k (42)
= |k〉+ 1
w (k)− Mˆ ± i0+
Vˆ |k〉 (43)
where |k〉 is a solution of
Mˆ0 |k〉 = w |k〉 (44)
For two particles with equal masses m1 = m2 = m the equation (40) simplifies to
(2
√
m2 + kˆ2 + Vˆ )Φ±k = 2
√
m2 + k2Φ±k (45)
Squaring both sides and making some rearrangement, equation (45) can put in the form [26, 22, 27](
kˆ2
m
+ Vˆ
)
Φ±k = EΦ±k (46)
with E = k2/m and
Vˆ = 1
2m
{
Vˆ ,
√
m2 + kˆ2
}
+
Vˆ 2
4m
. (47)
Equation (46) is identical in structure to a non-relativistic Schro¨dinger equation.
We can define S matrix related to (46)
Φ+k = SΦ−k . (48)
Note, this S matrix is different from the previous one. The principal difference between the scattering
operators in (37) and (48) is that while the former commutes with generators H , P, J and K of the Poincare´
group P , the latter commutes with generators lˆ of a group being isomorphic to SO(3).
According to (48) 〈
Φ−k′
∣∣ Φ+k 〉 = 〈Φ+k′∣∣ SΦ+k 〉 = S (k′,k) (49)
Separating from S (k′,k) the non-interacting part, it is customary to write
S (k′,k) = δ3 (k′ − k)− 2πiδ (E ′ − E) T (k′,k) . (50)
where T (k′,k) is called T matrix or transition amplitude. Since V is rotationally invariant the transition
amplitude T (k′,k) may be a function of k ≡ |k| and cos θ = n′ · n only, where n′ = k′/k′and n = k/k. It
related to the c.m. scattering amplitude f (θ) by the equation [28]
T (k′,k) = − 1
2π2m
f (θ) (51)
where θ is the c.m. scattering angle.
Inserting these relations into Eq.(39) and using the identities
δ3 (P′ −P) δ (E ′ − E) = 2m
E
δ3 (P′ −P) δ (E′ − E) (52)
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and [19]
δ3 (P′ −P) δ3 (k′ − k) = J (p1,p2) δ3 (p′1 − p1) δ3 (p′2 − p2) (53)
we find that
S (p′1,p
′
2;p1,p2) = δ
3 (p′1 − p1) δ3 (p′2 − p2)−2πiδ4 (p′1 + p′2 − p1 − p2)
M (p1, p2; p′1, p′2)
(2E1)
1/2
(2E2)
1/2
(2E′1)
1/2
(2E′2)
1/2
(54)
where
M = −√sf (θ) /π2 (55)
is an invariant amplitude. Thus, in order to determine S (p′1,p
′
2;p1,p2), it is sufficient to know the c.m.
scattering amplitude f (θ)
f (θ) =
1
2ik
∞∑
l=0
(2l+ 1) (Sl − 1)Pl (cos θ) (56)
where Pl are Legendre polynomials and Sl is the S matrix element for angular momentum l.
The two-body cross section is given by
dσ
dt
=
π5 | M|2√
(p1p2)
2 −m4
(57)
where t is the momentum transfer squared, i.e.,
t = (p′1 − p1)2 . (58)
It may be written as
dσ
dΩ
= |f (θ)|2 (59)
It seems reasonable to assume that there might be a relativistic interacting system that has a non-compact
group G as dynamical symmetry group in the sense that
kˆ2
m
+ Vˆ = f (C) . (60)
where C is the Casimir operator of G. If that is the case, then the S matrix for systems under consideration
is constrained to satisfy [7]
ST χ (g) = T χ˜ (g)S , for all g ∈ G (61)
or equivalently,
SdT χ (a) = dT χ˜ (a)S, for all a ∈ g (62)
where T χ and T χ˜ are Weyl-equivalent representations of G specified by labels χ and χ˜, while dT χ and dT χ˜
are the corresponding representations of the algebra g of G. ( The representations T χ and T eχ have the
same Casimir eigenvalues. Such representations are called Weyl equivalent.) Eqs (61) and (62) have much
restriction power and are used in deriving the S matrix [12].
In order to avoid misunderstanding, we make a few comments on the equation (61) or (62). To start
with, it should be pointed out that we have in the subspace of scattering states two complete orthonormal
systems, {Φ+} and {Φ−}. The state vectors Φ− transform according to the representation T χ (g), while the
state vectors Φ+ transform according to T χ˜ (g). Since by definition the operator S maps each Φ− on the
corresponding Φ+, then T χ˜ (g)Φ+ = ST χ (g)Φ− so that T χ˜ (g)SΦ− = ST χ (g)Φ−. This means that S
must satisfy the equation (61). Moreover, if S intertwines representations T χ and T χ˜ of the Lie group G, it
also intertwines the representations dT χ and dT χ˜ of the Lie algebra g.
Finally, we would like to emphasize that, in general, kˆ2/m + Vˆ is some rotationally invariant operator
function of kˆ and ρˆ. So the geometrical invariance algebra of (46) is the algebra generated by lˆ. In other
words, the group G has a subgroup being isomorphic to SO(3). Since the representations T χ and T eχ are
identical for compact subgroups of G [29, 30], it follows from (61) and (62) that
[T χ (g) ,S] = 0, if g ∈ SO(3). (63)
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or
[dT χ (a) ,S] = 0, if a ∈ so(3). (64)
as it should be.
Let us apply this construction to scattering systems that have SO(3, 1) as dynamical symmetry group,
i.e.
kˆ2
m
+ Vˆ = f (C1) . (65)
We first note that [31, 32] the internal angular momentum operator lˆ and the operator Nˆ defined by
Nˆ =
1
2
√
kˆ2
[
kˆ× lˆ− lˆ× kˆ
]
(66)
span the Lie algebra of the Lorentz group SO(3, 1)[
lˆi, lˆj
]
= iǫijk lˆk ,
[
lˆi, Nj
]
= iǫijkNk , [Ni, Nj ] = −iǫijk lˆk (67)
(The dynamical algebra (67) should not be confused with Lorentz subalgebra (5) of the Poincare´ group.)
These commutation relations can be easily calculated by making use of Eqs (28) and[
lˆi, kˆj
]
= iǫijk kˆk (68)
Then, the S matrices for such systems can be obtained from equation (61) or (62). To this end, a few facts
from representation theory of the group SO(3, 1) are useful.
The unitary irreducible representations of SO(3, 1) are known to form three series: principal, supplemen-
tary and discrete. It is also known that only the principal series describes the scattering states. The principal
series of SO(3, 1) are characterized by the pair χ = (τ, λ) , where λ = 0,± 1
2
,±1, . . . , while −∞ < τ < ∞.
The representations specified by labels χ = (τ, λ) and χ˜ = (−τ,−λ) are Weyl equivalent. In every UIR of
principal series of SO(3, 1) the Casimir invariants C1 and C2
C1 = J
2 −N2, C2 = J ·N (69)
become equal to a multiple of the identity operator I
C1 = −
(
λ2 + τ2 + 1
)
I, C2 = λτI. (70)
where J and N are the generators of rotations, and pure Lorentz transformations, respectively.
It is also worth noticing [32] that the second Casimir invariant C2 is identically zero for the above
realization of SO(3, 1)
C2 =
1
2
√
kˆ2
[ˆ
l·
(
kˆ× lˆ
)
−ˆl·
(ˆ
l× kˆ
)]
= 0 (71)
Consequently, the relevant unitary representations will be the principal series representation (τ, 0). It is
worthwhile to point out that the second label, λ, of the (τ, λ) irrep is connected with the helicities of
particles; that is why we have the (τ, 0) irrep for spinless particles.
The representations specified by χ = (τ, 0) can be realized in the Hilbert space spanned by the eigenvectors
|τ0; lµ〉 of lˆ2 and lˆ3. The operators lˆi, Nˆi are then defined by
lˆχ3 |lµ〉 = µ |lµ〉
lˆχ± |lµ〉 = [(l ∓ µ) (l ± µ+ 1)]
1
2 |l, µ± 1〉
Nˆχ3 |lµ〉 = i (−1 + iτ − l) al+1,µ |l + 1, µ〉+ i (iτ + l)al,µ |l − 1, µ〉
Nˆχ± |lµ〉 = ±i (1− iτ + l) bl+1,±µ+1 |l + 1, µ± 1〉 ± i (iτ + l) bl,∓µ |l − 1, µ± 1〉
where Nˆ± = Nˆ1 ± iNˆ2, Nˆ± = Nˆ1 ± iNˆ2, |lµ〉 ≡ |τ0; lµ〉 and
al,µ =
√
(l + µ) (l− µ)
(2l + 1) (2l− 1) , bl,µ =
√
(l + µ) (l + µ− 1)
(2l + 1) (2l− 1) (72)
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We can now evaluate the S matrix from (62). To do this let us write equation (62) for generators lˆ3, lˆ±
and Nˆ3
S lˆχ3 = lˆχ˜3S (73)
S lˆχ± = lˆχ˜±S (74)
SNˆχ3 = Nˆ χ˜3 S (75)
Applying both sides of equations (73) and (74) to the basis vector |lµ〉 we find that the S-matrix in the
angular momentum representation is diagonal and its matrix elements are independent of µ, i.e.,
S |lµ〉 = Sl |lµ〉 . (76)
(Observe that the operator S commutes with all Jχi ’s, as expected.) The value of its diagonal elements can
be defined by using of (73). As a result we obtain the recurrence relation
(1− iτ + l)Sl+1 = (1 + iτ + l)Sl, (−iτ + l)Sl = (iτ + l)Sl−1 (77)
which implies that
Sl = Γ (1 + iτ + l)
Γ (1− iτ + l) (78)
Inserting this into Eq.(56) we obtain
f (θ) =
1
2ik
Γ (1 + iτ)
Γ (−iτ)
1
sin2
θ
2
exp
[
−iτ ln
(
sin2
θ
2
)]
, θ 6= 0 (79)
where the momentum-dependent parameter τ is determined by the relation (65). (For (78) the expansion
diverges as a function, but it converge as a distribution [33].) For example, in analogy to the non-relativistic
Coulomb interaction, we can propose
kˆ2
m
+ Vˆ = − α
2m
4 (C1 + 1)
(80)
where α denotes the strength of interaction. This means that(
kˆ2
m
+ Vˆ
)
Φ±k = −
(
α2m
4 (C1 + 1)
)
Φ±k (81)
So, taking into account the Eqs. (46) and
C1Φ
±
k = −
(
τ2 + 1
)
Φ±k (82)
we have
τ =
αm
2k
. (83)
It then follows that (in ordinary units)
fc (θ) =
α
mv2 sin2
θ
2
(
1− β2) exp[−iτ ln(sin2 θ
2
)
+ iπ + 2iη
]
, θ 6= 0 (84)
with τ =
αm
2~k
=
α
~v
(
1− β2)1/2. Here β = v/c, η = argΓ (1 + iτ) and v is the relative velocity of the
particles.
If two spinless particles are identical the indistinguishability of them leads to the c.m. scattering amplitude
f sc (θ) of the form
f sc (θ) = fc (θ) + fc (π − θ) (85)
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This results in the differential cross section,
dσ
dΩ
= |fc (θ) + fc (π − θ)|2
=
( α
mv2
)2

1
sin4
θ
2
+
1
cos4
θ
2
+
2
sin2
θ
2
cos2
θ
2
cos
[
α
~v
(
1− β2)1/2 ln tan2 θ
2
]

(
1− β2)2 . (86)
If we take the non-relativistic limit β → 0, we gain the Mott formula [34] for the Coulomb scattering of two
identical spinless bosons.
3 Conclusions and outlook
In this paper we developed an algebraic technique for building two-body relativistic models in the framework
of the direct-interaction theories, i.e., theories in which there are no external fields. We have demonstrated
how the algebraic technique [7], originally conceived for non-relativistic scattering, can be generalised for
the construction of relativistic scattering matrix. Crucial in all the developments was the assumption that
the mass operator M for given scattering system is related to the Casimir operator of some non-compact
group G. The results described in this paper could be extended in several ways. One of these would be their
use for the scattering models with spins. Also, our analysis has been restricted to two-body systems. It
would be interesting to generalise the technique discussed in this paper to the study of scattering problems
for many-body systems. These and other extensions will be studied in subsequent papers.
References
[1] Barut A O, Bohm A and Ne’eman Y (editors), 1987 Dynamical Groups and Spectrum Generating
Algebras, World Scientific, Singapore.
[2] Frank A and Van Isacker P,1994 Algebraic Methods in Molecular and Nuclear Structure Physics, Wiley,
NY.
[3] Iachello F and Levine R D 1995 Algebraic Theory of Molecules, Oxford University Press, Oxford.
[4] Zwanziger D 1967 J. Math. Phys. 8 1858.
[5] Frank A and Wolf K B 1987 Phys. Rev. Lett. 52 1737 ; Alhassid Y, Engel J and Wu J 1984, Phys. Rev.
Lett. 53 17; Frank A, Alhassid Y and Iachello F 1986, Phys. Rev. A 34 677.
[6] Gilmore R 1974, Lie Groups, Lie Algebras and some of their Applications, Wiley, NY.
[7] Kerimov G A 1998 Phys. Rev. Lett. 80 2976.
[8] Kunze R A and Stein E M 1967 Am. J. Math. 89 385.
[9] Schiffman G 1971 Bull. Soc. Math. France 99 3
[10] Alhassid Y and Iachello F, 1989 Nucl. Phys. A 501 585; Amos K, Berge L, Fiedeldey H and Morrison I
1990 Phys. Rev. Lett. 64 625; Allen L J, Amos K and Berge L 1994 Phys. Rev. C 49 3331; Lichtentha¨ler
Filho R, Ventura A and Zuffi L 1992 Phys. Rev. C 46 707; Lichtentha¨ler Filho R, Ventura A, Zuffi L,
Pereira D, Chamon L C and Gomes L C 1994, Phys. Rev. C 50 3033; and the sources quoted therein.
[11] Alhassid Y, Gu¨rsey F and Iachello F 1986 Ann. Phys. (N.Y.) 167 181; Wu J, Iachello F and Alhassid
Y 1987 Ann. Phys. (N. Y.) 173 68; Wu J, Alhassid Y and Gu¨rsey F, 1989 Ann. Phys. (N.Y.) 196 163;
Le´vay P and Apagyi B 1993 Phys. Rev. A 47 823.
[12] Kerimov G A 2005 J. Phys. A: Math. Gen. 38 1931; and references therein.
[13] Wu J, Stahlhofen A, Biedenharn L C and Iachello F, 1987 J. Phys. A: Math. Gen. 20 4637; Alhassid
Y, Gu¨rsey F and Iachello F 1989 J. Phys. A 22 L497.
9
[14] Vaidya A N and Souza L E S 2002 J. Phys. A: Math. Gen. 35 6489.
[15] Bakamjian B and Thomas L H 1953 Phys. Rev. 92 1300.
[16] Wigner E P 1939 Ann. Math. 40 149.
[17] Dirac P A M 1949 Rev. Mod. Phys. 22 392.
[18] Keister B D and Polyzou W N 1991 Adv. Nucl. Phys. 20 225.
[19] Fong R and Sucher J 1964 J. Math. Phys. 5 456.
[20] Jordan T F, Macfarlane A J and Sudarshan E C G, 1964 Phys. Rev. B 133 487.
[21] Coester F 1965 Helv. Phys. Acta 38 7.
[22] Coester F and Polyzou W N 1982 Phys. Rev. D 26 1348.
[23] Fuda M G, 2001 Phys. Rev. C 64 027001.
[24] Newton R G 1982 Scattering Theory of Waves and Particles, New York, Springer-Verlag.
[25] Roman P 1965 Advanced Quantum Theory, Reading, MA, Addison-Wesley.
[26] Coester F, Pieper S C, Serduke F J D 1975 Phys. Rev. C 11 1.
[27] Glo¨ckle W, Lee T S H, Coester F 1986 Phys. Rev. C 33 710.
[28] Sakurai J J 1985 Modern Quantum Mechanics, Addison-Wesley (N. Y.).
[29] Knapp A W and Stein E M 1971 Ann. Math. 99 489.
[30] Knapp A W and Stein E M 1980 Invent. Math. 60 9.
[31] Sankaranaryanan A 1965 Nuovo Cimento 38 1441.
[32] Sankaranaryanan A 1967 Nuovo Cimento 52 A 91.
[33] Taylor J R 1974 Nuovo Cimento Soc. Ital. Fis., B 23 313.
[34] Joachain C J 1975, Quantum Collision Theory, North-Holland, Amsterdam
10
